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In this work, we systematically study two phases, called Andreev pi-phase and orbital-phase, and
their influence on the Josephson effect. When the system is time-reversal invariant and centrosym-
metric, these two phases only appear in the odd-parity pairings. The Andreev pi-phase has nothing
to do with the specific form of the odd-parity pairings and means an intrinsic pi-phase between
the spin-triplet Cooper pairs entering and leaving CTSCs in the Andreev reflections. The orbital-
phase corresponds to the phase difference between the spin-triplet Cooper pairs with opposite spin
polarization and depends on the specific form of the odd-parity gap functions. When the normal
region of the Josephson junction contacts the same side of the CTSCs with some specific odd-parity
parings, the competition between the two phases can lead to the Josephson pi-junction. Note that
this junction is different from that of the conventional Josephson junction (JJ) and is dubbed a
U-shaped junction according to its geometry. Meanwhile, in a conventional JJ, the interplay of
these two phases causes their impact on the CPR to be completely canceled out. Therefore no
matter what kind of pairing symmetries the CTSC has, it will lead to Josephson 0-junction in this
case. We obtain our results based on the model of the MxBi2Se3 family where M may be Cu, Sr, or
Nb. Therefore, we propose to detect the pairing symmetry of MxBi2Se3 through a superconducting
quantum interference device containing a U-shaped Josephson junction.
PACS numbers: 74.45.+c, 75.70.Tj, 85.25.Cp
I. INTRODUCTION
Current-phase relation is one of the most basic proper-
ties of the Josephson effect. In earlier studies1,2, it took
the form of Is = Ic sinφ with Ic the critical current and
φ the phase difference caused by the flux enclosed in the
superconducting circuit. The free energy of this conven-
tional Josephson junction has a minimum at φ = 0, which
is dubbed a 0-junction. Later studies found that the CPR
of Josephson effect is not limited to this sinusoidal form
but also has very rich forms due to the various super-
conducting pairing symmetries3–6. Especially, the CPR
and the associated free energy minimum can have a pi
phase shift, resulting in the so-called pi-junction7–10. In
the Josephson junction involving only spin-singlet pair-
ings, the pi-phase shift in the ground state can be sim-
ply understood as the sign change of the superconduct-
ing gap owing to the orbital symmetry of the Cooper
pairs. As a result, the observations of the pi-junction in
the phase-sensitive measurements of the cuprate super-
conductor(SC) provide the smoking gun of the d-wave
superconductivity11–16. While, in the Josephson junction
involving spin-triplet pairings, not only the phase but
also the various spin structures17–19 of the order param-
eters can affect the CPR, which complicates the mecha-
nism of the Josephson pi-junction. For example, the pi-
junction has been observed in the conventional supercon-
ducting/ferromagnetic hybrids with the even-parity odd-
frequency and spin-triplet pairings, which are caused by
Zeeman splitting in the junction region and have nothing
to do with the odd-parity superconductivity20–27. This
indicates that the verification of the odd-parity super-
conductivity through phase-sensitive measurements can-
not simply replicate the successful experimental scheme
in d-wave superconductors.
On the other hand, with the rapid development of
topological superconductivity studies in the past decade,
there have been some promising candidate materials for
odd-parity superconductivity. For example, recent ob-
servations of spin-rotational symmetry breaking in the
centrosymmetric and time-reversal-invariant MxBi2,Se3,
with M=Cu, Nb or Sr, seem to indicate the interorbital,
odd-parity pairing28–34. This so-called nematic supercon-
ductivity suggests that the Cooper pairs consist of two
electrons from different orbits in the Bi2Se3 low-energy
structure35,36, in contrast to standard intraorbital pair-
ings. However, all of the current experiments measured
the magnitude of gap function which alone cannot pro-
vide a convincing determination of the pairing symmetry.
Thus it is necessary to determine the parity of super-
conducting pairings through appropriate phase-sensitive
experiments.
In this work, we study the Josephson effect in CTSC
with odd-parity superconducting order parameters. Mi-
croscopically the Josephson current is carried by the An-
dreev bound states (ABSs)2, which is formed by the
quantum interference of multiple Andreev reflections in
the junction. Therefore we start with a general sym-
metry analysis of the scattering matrix at the normal-
metal(NM)/CTSC interface. We find that there is a
time-reversal symmetry protected pi-phase difference be-
tween the spin-triplet Cooper pairs entering and leaving
the CTSC (Fig. 1(a)). This Andreev pi-phase is indepen-
dent of the specific spin-triple forms. Meanwhile, there
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FIG. 1. (a) Andreev reflection at NM/CTSC interface. The
Cooper pairs tunneling out of and into CTSC with Andreev
reflection matrix ai and −aTi respectively. (b) A sketch of the
U-shaped CTSC/NM/CTSC junction, in which its normal
region contacts the same sides of the CTSCs. (c) A sketch of
conventional Josephson junction.
is an orbital-phase in the spin-triplet Andreev reflection
channel, which stems from the relative phase difference
between the spin-triplet pairs with the opposite spins. It
can be seen from the scattering matrix that the orbital
phase leads to perfect Andreev reflections under special
energy, which corresponds exactly to the surface state
energy, implying the physical reality of the orbital phase.
Interestingly, when the normal region of the JJ contacts
the same side of the superconductors (Fig. 1(b)), referred
to as the U-shaped junction according to its geometry,
the CPR of this JJ shows the competition between these
two phases. In the normal incidence channel, the CPR
corresponds to the Josephson pi-junction. In the pro-
cess of changing from normal incidence to parallel inci-
dence, the orbital-phase gradually changes the CPR from
pi-junction to 0-junction. When the junction takes the
traditional geometry structure, its normal region contact-
ing the opposite sides of the superconductor (Fig. 1(c)),
the competition of these two phases in CPR completely
disappears, which gives rise to the Josephson 0-junction
in all channels37–40. As a result, the CTST/NM/CTST
junction in Fig. 1(c) will perform as a conventional 0-
junction no matter what the superconducting order pa-
rameter is. Therefore we propose the phase-sensitive
measurement in Josephson junction, with its NM con-
tacting the same sides of the superconductor, to detect
the odd-parity superconductivity.
This work is organized as follows. In Sec II, we study
the Andreev reflection at the NM/CTSC interface. We
first present a model-independent discussion of Andreev
reflection based on symmetry analysis and show that
there is a universal pi phase difference between the spin-
triplet Cooper pair entering and leaving the CTSC. We
then study the Andreev reflection in MxBi2Se3 for three
possible odd-parity gap functions and confirm the ex-
istence of the Andreev-pi phase and orbital-phase both
analytically and numerically. In Sec III, we first pro-
vide an intuitive picture of the interplay between the two
phases in the Josephson effect. Especially we schemati-
cally show how the competition between the two phases
exists and disappears in the junction of Fig. 4(c) and (d)
respectively. We then calculate both analytically and nu-
merically the Andreev levels and CPRs in the U-shaped
junction. In Sec IV, we apply our analysis in the Joseph-
son effect of MxBi2Se3/NM/MxBi2Se3 junction and give
the numerical results. In Sec V, we discuss the possible
experimental realization of our proposals.
II. TWO SPECIAL PHASES IN SPIN-TRIPLET
ANDREEV REFLECTION CHANNELS AT
NM/CTSC INTERFACE
A. Intrinsic pi-phase in Andreev reflection matrix
To consider the influence of various phases on the
Josephson effect, it is convenient to start from studying
the Andreev reflections41 of the quasi-particles confined
in the junction region. When injecting a quasi-particle
from the normal lead to the superconductor, the reflec-
tion matrix of the NM/SC interface takes the form
R(E) =
(
ree reh
rhe rhh
)
, (1)
where the diagonal block ree(hh) describes the normal re-
flection of electron(hole)-like quasi-particles and the off-
diagonal block reh(he) describing the Andreev reflection.
Note that the reflection matrix describes the coupling
between the transverse modes injected to and reflected
by the NM/SC interface from the lead. If the lead has
both time-reversal and inversion symmetry, the trans-
verse modes at the Fermi level are doubly degenerate so
that each block in Eq. (1) is a 2N × 2N matrix with 2N
the number of the transverse modes in the normal side
and the prefactor 2 stems from spin. In this case, the
reflection matrix can be further written as
R(E) =
(
b0s0 + bisi a0s0 + aisi
a¯0s0 + a¯isi b¯0s0 + b¯isi
)
, (2)
with the Pauli matrices si with i = x, y, z and identity
matrix s0 acting on the spin space, and a0(i)(b0(i)) the
N × N matrix. Here the reflection matrix is written
in the basis (c↑, c↓, c
†
↓,−c†↑)T with c the electron anni-
hilation operator. The blocks a0s0 and aisi describing
the Andreev reflection in the spin-singlet and spin-triplet
channels respectively42–44.
Due to the scattering at NM/SC interface, the reflec-
tion matrix is determined by the superconductor as well
as its coupling to the lead and take the form45
R(E) = 1− 2piiW † 1
E −Hsc + ipiW †WW, (3)
where Hsc is the superconducting Hamiltonian and W
is the effective transverse modes coupling between the
lead and the superconductor. If the superconductor also
has time-reversal symmetry, it is straightforward to show
that
TˆR(E)Tˆ−1 = 1 + 2piiW †
1
E −Hsc − ipiW †WW = R
†(E),
3(d)(c)
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FIG. 2. The angle dependence of the anisotropic supercon-
ducting gap over the kz = 0 Fermi contour for (a) ∆
x and (b)
∆y respectively. The red line corresponds to the numerical
result based on tight-binding models. Full gaps are robust
and model-independent. (c) orbital-phase β as a function of
θs for λ from 0.01 to 310. (d) Josephson U-shaped junction
with periodic boundary condition.
leading to the constrains of a¯0 = a
T
0 , a¯i = −aTi , b¯0 = bT0
and b¯i = −bTi . This means that in the spin-triplet An-
dreev reflection channel, there is a pi phase difference be-
tween the Cooper pairs entering and leaving CTSC as
shown in Fig. 1(a), while this pi phase difference is ab-
sent in the spin-singlet channel. If the superconductor
also has inversion symmetry, namely being centrosym-
metric, the effective coupling W is spin-independent and
the spin-triplet pairing and spin-singlet pairing are not
mixed. In this case, the spin-triplet (spin-singlet) super-
conducting gap function can only induce Andreev reflec-
tion in spin-triplet (spin-singlet) channels. Therefore the
observation of this pi phase in the centrosymmetric and
time-reversal-invariant superconductor can serve as the
definitive signal for spin-triplet parings.
B. Gap functions of MxBi2Se3
Although the existence of the Andreev pi-phase is inde-
pendent of the specific form of the spin-triplet gap func-
tions, to give a concrete example, we focus on MxBi2Se3,
which is suggested to be a CTSC with spin-triplet par-
ings. We consider the typical low energy effective Hamil-
tonian of MxBi2Se3
35
H(k) = (h0 − µs)τz + ∆iτx, (4)
with h0 the electron Hamiltonian which in the continue
limit has the form46
h0 = m(k)σz + vzkzσy +A(kxsy − kysx)σx
+R1(k
3
x − 3kxk2y)σxsz +R2(3k2xky − k3y)σy, (5)
in the basis (c1↑, c1↓, c2↑, c2↓)T with 1, 2 indicating the
conduction and valence band degrees of freedom, τ ,
σ and s the Pauli matrices acting on Nambu, band
and spin basis respectively, µs the chemical potential,
m(k) = m0 +m1k
2
z +m2(k
2
x + k
2
y), R1 and R2 the warp-
ing terms. ∆i = ∆0σysi is the pairing potential and
i = x, y, z corresponding to three s-wave spin-triplet pair-
ings. The possible spin-triple pairings includes ∆z be-
longing to A1u representation and {∆x,∆y} in the two-
dimensional Eu representation of D3d crystallographic
point group36. Note that ∆x and ∆y pairings can sponta-
neously break the continuous rotational symmetry down
to two-fold, and the warping term R1 and R2 are essential
for the presence of a full gap for ∆y and ∆x gap functions
respectively36,47. The rotational symmetry breaking ob-
served in nuclear magnetic resonance29 and scanning tun-
neling microscopy measurements48suggest the existence
of ∆x or ∆y pairing. To have an intuitive understanding
of {∆x,∆y} pairing function, according to the Hamilto-
nian in Eq. (4), we plot the gap magnitudes as a function
of the polar angle at kx-ky plane given kz = 0 (red solid
curves), in Fig. 2(a)-(b) respectively. In the rest of this
work, our numerical studies are built on the tight-binding
model Hamiltonian Eq. (4,5) with its details shown in
Appendix D.
As the Fermi level lies in the conduction band, to
simplify the analytical studies, we project the Hamilto-
nian in Eq. (4) to the conduction band according to the
quasi-degenerate perturbation theory49 (Lo¨wding parti-
tioning). After this projection, the Hamiltonian around
the Fermi level has the form
H(k) = ((k)− µs)τz + ∆ˆi(k)τx, (6)
where (k) = ~2(k2‖+k
2
z)/2m, with ‖ indicating the direc-
tion parallel to the x-y plane and m the effective mass.
The three s-wave spin-triplet pairings in the two-band
model35,36 are transformed to the typical p-wave pairings
as
∆ˆx ≈ A˜kxsz + (v˜zkz + R˜2ky)sx,
∆ˆy ≈ v˜zkzsy + A˜kysz + R˜1kxsy,
∆ˆz ≈ −A˜(kxsx + kysy) + v˜zkzsz,(
A˜, R˜1
)
=
(
A, 3R1k
2
‖/
√
2
)
∆0σ1(
v˜z, R˜2
)
=
(
vz, 3R2k
2
‖/
√
2
)
∆0σ2, (7)
with σ1 =
σ0
m0
+ σzµs and σ2 =
σz
m0
+ σ0µs and ∆0 char-
acterizing the gap magnitude. To simplify the analytical
calculation, we replace the term 3k2x−k2y by its root mean
square. According to Eq. (7), we plot the ∆y and ∆x gap
magnitudes as a function of the polar angle in x-y plane
4TABLE I. The parameters for three odd-parity gap functions
in Eq. (7).
gap
plane x-y plane x-z plane
k2 = ky, m2 = m‖ k2 = kz, m2 = mz
∆z λ = 1, si = sx, sj = sy λ > 1, si = sx, sj = sz
∆x λ > 1, si = sz, sj = sx λ > 1, si = sz, sj = sx
∆y λ < 1, si = sy, sj = sz λ < 1, si = sy, sj = sy
given kz = 0 in Fig. 2(a)-(b) (dashed blue curves) respec-
tively, which turns out to be a valid approximation for
the gap functions obtained from Eq. (4). The gap func-
tions in Eq. (7) is consistent with the previous studies
using eigenfunction projection methods50. In this work,
our analytical studies are based on the Eq. (6,7).
C. Andreev reflection at NM/MxBi2Se3 interface
The layer structure of the MxBi2Se3 makes the intra-
layer transport more conductive than inter-layer trans-
port. Therefore, we take the normal direction of the
NM/MxBi2Se3 interface is along the x direction. The
Andreev reflection in the NM/MxBi2Se3 interface can
be studied firstly in the typical x-y and x-z plane.
In either plane containing x direction, the Hamilto-
nian of NM/MxBi2Se3 junction is simplified to a two-
dimensional form
HJ = Θ(−x)HNM + V δ(x) + Θ(x)Hsc, (8)
where
HNM =
(
~2(−∂2x + k22)
2m
− µn
)
τz
is the Hamiltonian for the normal metal, with k2 the in-
plane momentum perpendicular to the x direction and µn
the chemical potential. V is the height of δ-shaped bar-
rier at the interface. The superconducting Hamiltonian
Hsc generally takes the form
Hsc = (−~
2∂2x
2mx
+
~2k22
2m2
− µs)τz + ∆τx(λi∂xsi + k2sj),
with si the Pauli matrix acting on spin space. The pa-
rameters ∆ and λ reflect the amplitude and the shape
of the gap function. Specific forms of ∆z,x,y for x-y and
x-z planes are listed in Table. I. For ∆ˆz gap, it corre-
sponds to λ = 1 in x-y plane and λ > 1 in x-z plane. For
∆ˆx(y) gap, it always corresponds to λ > (<)1, giving a
dumbbell-shaped gap with major axis along (perpendic-
ular to) the x direction, in either x-y or x-z plane.
Considering the reflection in x-y plane, the three gap
functions can be written as ∆(λkxsi + kysj) with λ = 1,
λ > 1 and λ < 1 corresponding to ∆x, ∆y and ∆z respec-
tively. To simplify the analytical discussion, we take the
periodic boundary condition along the y direction for the
two superconductors so that the two-dimensional junc-
tion can be simplified as the combination of numerous
one-dimensional (1D) Josephson junctions with different
ky as shown in Fig. 2(d). We denote the magnitude of
the Fermi momentum of normal (superconducting) re-
gions by kfn(s). θs is always associated with θn through
the conservation of momentum ky. Therefore, for a given
channel with ky, we have
ky = kfn sin θn = kfs sin θs. (9)
Note that if both mx = m2 = m and the chemical po-
tential µs = µn, the Fermi momentum kfn and kfs, and
thus θn and θs, are equal as shown in Fig. 3(a). Other-
wise, the Fermi momentums are generally different, cause
r 6= 1 and θn 6= θs as shown in Fig. 3(b,c).
Given the incident angle θn and associated θs, the re-
flection matrix at the interface can be obtained as51,52
R± =
( −b cos(α∓ β) −2r˜
2r˜ −b∗ cos(α∓ β)
)
(
r˜2 + 4Z˜2 + 1
)
cos(α∓ β) + 2ir˜ sin(α∓ β)
,(10)
b = r˜2 + (2Z˜ + i)2, r˜ = r cos θs/ cos θn, Z˜ = Z/ cos θn,
with R± the scattering matrix in the spin-channel par-
allel and anti-parallel with z direction (see Appendix A
for derivation of this result), Z = V/~vfn the dimension-
less height of the δ-shaped barrier potential, r = vfs/vfn
the mismatch between Fermi velocity of superconduct-
ing and normal regions, α = cos−1(E/∆k) with ∆k =
∆
√
λ2k2x + k
2
y the gap amplitude and
β = tan−1(ky/(λkxs)) = tan−1(dj/di), (11)
which characters the d-vector direction. We plot in
Fig. 2(c) β as a functions of θs for different λ.
Although the reflection matrix looks very complicated,
we found two properties that are independent of dimen-
sionless r and Z. The first is the pi phase difference be-
tween the two Andreev processes characterized by the
upper and lower off-diagonal block of the reflection ma-
trix in Eq. (10), which is consistent with our general
analysis in Eq. (2). The second is related to the phase
factor β which can result in the perfect Andreev reflec-
tion through the condition cos(α± β) = 0. This further
leads to the conductance peak at E = ±∆k sin(β), which
has topological origin and actually comes from the edge
states induced resonant scattering40,53–55. We plot in
Fig. 3(d-f) the conductance as function of θn and incident
energy of particles for λ = 1. The connection between
the orbital-phase caused perfect Andreev reflection and
the topological edge states can be shown more straight-
forwardly for r = 1. In this case, the energy dispersion of
the helical edge states is calculated, based on Eq. (7), as
function of θn (black curves in Fig. 3(d)), which matches
the resonance peak at E = ±∆k sin(β) very well. As
the phase β is determined by the d-vector, we dubbed it
orbital-phase.
5(a) (c)(b)
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n
FIG. 3. (a) Fermi surface contours of both NM and SC re-
gions for r = 1. In this case, θs = θn and transition angle
θc = tan
−1 λ. The blue, green and red dashed lines indicate
transition angle for λ = 0.2, 1 and 5, respectively. (b) Fermi
surface contours for r > 1. (c) Fermi surface contours for
r < 1. (d)-(f) Conductance of a NM/CTSC junction for r
(d) = 1, (e) > 1 and (f) < 1, respectively. A finite interface
barrier is fixed, Z = 2. The black line in (d) represents the
dispersion of edge states.
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FIG. 4. (a) The angle dependence of the superconducting
gap over the kz = 0 Fermi contour for d-wave superconduc-
tor. ± is the sign of the gap amplitude. (b) The angle depen-
dence of the superconducting gap for λ = 5 with an additional
orbital-phase β. (c) (d) Processes of Cooper pair through con-
ventional and U-shaped Josephson junction, the circle graphs
are the superconducting gaps for λ = 1.
III. JOSEPHSON EFFECT IN THE
CTSC/NM/CTSC JUNCTION
In this section, we study the Josephson effect, based
on the Andreev bound states, in the CTSC/NM/CTSC
junction, and show that the competition between the in-
trinsic pi phase and the orbital-phase β can result in a
Josephson pi-junction.
A. An intuitive pictures
Here, we provide an intuitive discussion of how the var-
ious phases affect the CPR of the Josephson effect. To
avoid possible confusion, we first take the flux induced
phase φ = 0 in this subsection. In this case, the spin-
singlet gap function can only take the positive or negative
sign of its gap amplitude. Taking d-wave superconductor
as an example, due to the d-orbital symmetry, the sign of
the gap amplitude alternate every pi/2 (Fig. 4(a)), which
means the orbital-phase in spin-singlet order parameters
can only take 0 or pi. The situation is more complicated
for spin-triplet gaps because the gap amplitudes are de-
scribed by a vector which may result in a continuously
relative phase among the spin-triplet pairings. Generally,
the gap function
∆(λkxssx + kysy) = ∆k
(
0 eiβ
e−iβ 0
)
(12)
implies that the pairing states | ↑↑〉 and | ↓↓〉 have the
relative phase β(Fig. 4(b)) which can varies continuously
in the range [0, 2pi). Note that this phase result in the
resonance conductance peak and thus is not a conceptual
definition. These phases can be brought to the Joseph-
son junction the Andreev reflections which split or re-
combine Cooper pairs on the NM/SC interface. Note
that the Cooper pair transportation through a Joseph-
son junction goes through three processes: the Cooper
pair being split into two electrons in the SC/NM inter-
face, then passing through the normal region, and finally
being recombined into a Cooper pair at another NM/SC
interface. Each process may contribute to the phases,
which finally affect the CPR of the Josephson effect. For
example, when the spin degeneracy is lifted in the normal
region by the Zeeman effect or spin-orbit coupling56–59,
the electron and hole transmission through the junction
can accumulate unusual phases, causing various interest-
ing anomalous Josephson effects60–63. However, this is
not the main purpose of this work and we can ignore
these phases by adopting both time-reversal and inver-
sion symmetry in the junction region. Here, we focus
on the phase effect through the split and recombination
of the spin-triplet Cooper pairs, which are implemented
through Andreev reflection on the NM/CTSC interface.
When the Josephson junction adopts the conventional
geometry structure (Fig. 1(b)), the orbital-phase in these
two processes with given ky contributes to a pi phase
as schematically shown in Fig. 4(c). This pi phase is
completely offset by the Andreev pi-phase so that the
CPR is only determined by the flux phase φ which gives
rise to the CPR very similar with that for the s-wave
Josephson junction (see Appendix B for details). In the
U-shaped junction(Fig. 4(d)), the orbital-phase in each
channel with given ky contributes to a 2β phase which
combines with the intrinsic pi phase leads to a pi-junction
and 0-junction for the incident angle 0 and ±pi/2 respec-
tively, which is very different from the conventional s-
wave Josephson junction. Below, we focus on the U-
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FIG. 5. The transition between 0 and pi-junction in perfect
contact cases. (a)-(c) Upper and middle pattern: The An-
dreev levels and CPRs corresponding to θ = pi
4
(blue dashed
line), 0(black solid line) and pi
2
(red solid line). Lower pattern:
Normalized free energy difference δF derived from analytical
calculations in 1D U-shaped CTSC/NM/CTSC junction cor-
responding to λ = 1, 5 and 0.2, respectively. (d)-(f) Andreev
levels, CPRs and δF obtained from the numerical calcula-
tions corresponding to ∆z, ∆x and ∆y, respectively. The
inset shows the angle dependence of the superconducting gap
over the kz = 0 Fermi contour.
shaped junction and show details on how to use it to
distinguish the spin-triplet pairings.
B. Perfect contact cases
We first consider the case with perfect Fermi velocity
match (r = 1) and zero barrier potential (Z = 0). In the
limit of a short junction, we neglect the possible scatter-
ing in the junction and calculate the Andreev levels in
each channel with different θn directly from solving the
equation Det[I− R±(φ/2)R±(−φ/2)] = 064,65 as
E = ±∆k cos
(
φ− pi
2
± β
)
. (13)
Meanwhile, the associated Josephson current can be cal-
culated through the standard form
I =
2e
~
∑
En<0
∂En
∂φ
, (14)
at zero temperature. We plot in Fig. 5(a-c) the Andreev
levels and CPRs for λ = 1, 5 and 0.2 respectively. The
crucial orbital-phase β is related to the incident angle by
β = tan−1(tan θn/λ) for r = 1. For normal incidence
with β = 0, the Andreev levels cross at φ = 0, causing
the pi-junction with a period of 4pi for all λ. For θn =
β = ±pi/2, the cross of Andreev levels is shifted to φ = pi
(red curves in Fig. 5(a-c)), resulting in the Josephson 0-
junction. This implies that the transverse modes for low
and high incident angles perform as Josephson pi- and
0-junction respectively. The low-angle incident channels
and the high-angle incident channels contribute opposite
Josephson currents as shown in Fig. 5. The transition
angle between pi- and 0-junction is determined by the
gap anisotropy which is characterized by λ. In short,
the transition angle, θc, in the first quadrant is larger,
equal and smaller than pi/4 for λ < 1, λ = 1 and λ > 1
respectively. To demonstrate this clearly, we define the
free energy difference δF (φ) given the incident angle θn
as
δF (φ, θn) =
∑
En<0
(
En(φ, θn)− En(φ = 0, θn)
NE
)
,(15)
where NE is the number of occupied ABSs. Note that
δF (φ = pi) > 0 and δF (φ = pi) < 0 correspond to the 0-
junction and pi-junction respectively while δF (φ = pi) =
0 gives the transition condition. For λ = 1 (Fig. 5(a)),
we plot δF as a function of φ and θn which shows that
δF (pi) = 0 happens at θn = ±pi/4. In Fig. 5(b) and
Fig. 5(c), we calculate δF for λ = 5 and λ = 0.2 which
show that the transition angle θc is decreased and in-
creased from pi/4, respectively, in the first quadrant.
Above analytical results perfectly match our numerical
calculations, as shown in Fig. 5(d-f), based on 1D tight-
binding model with interorbital and odd-parity pairing
forms. (See Appendix D for the model.)
C. Robustness of pi-junction against imperfect
NM/CTSC interface
In this section, we consider how the imperfect factors
including the velocity mismatch and the finite barrier
potential, which normally inevitably exist in Josephson
junctions, affect the results38,66,67. In the short junction
limit, we can analytically obtain the Andreev levels with
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FIG. 6. The Josephson current in imperfect contact case with
Fermi velocity mismatch r = 2. (a-c) Upper pattern: Ic as a
function of θn and Z for λ=1, 5 and 0.2, respectively. Lower
pattern: Ic as a function of θn extracted from upper pattern.
(d-f) Itot as a function of φ for λ=1, 5 and 0.2, respectively.
Different colored curves correspond to different Z, as the short
lines in the top figures.
given incident angle θn (Fig. 3(a-c)) as
E
∆k
= ∓
[√
T˜n cos
(
φ− pi
2
)
cosβ ±
√
1− T˜n sin2 φ
2
sinβ
]
,
(16)
with T˜n = r˜
2/(r˜2 + 4Z˜2) the transmission coefficient
when the superconductor becomes normal metal. Usu-
ally, the imperfect factors reduce transparency and make
the T˜n < 1. In this case, the effect of orbital-phase β
on Andreev levels can no longer be simply attributed to
phase shift as in Eq. (13). Meanwhile, it is noteworthy
that the first and second terms on the right side of the
Eq. (16) have the same form as the Andreev levels of the
one-dimensional topological and conventional Josephson
junction respectively, while their ratio is tunned by the
orbital-phase β. This can be seen clearly in the case of
r = 1. At θn = 0 corresponds to β = 0, Andreev levels
in Eq. (16) is a topological pi-junction with a period of
4pi68–71. As the incident angle increases, particularly at
θn = ±pi/2 corresponds to β = ±pi/2, the CPR shows
a conventional 0-junction with a period of 2pi. As a re-
sult, it is still true that the low-angle incident channels
and the high-angle incident channels contribute opposite
Josephson currents. Besides, given the Fermi mismatch
r and the dimensionless barrier potential Z, the normal
transmission coefficient T˜n decrease with increasing |θn|
from 0 to pi/2. Therefore the critical current Ic of the
high incident-angle channel is suppressed more by the
imperfect factors.
(b)(a)
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0 4
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0 4
0 8
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FIG. 7. (a) The Josephson currents for different pairings,
showing the pi-junction for the ∆ˆx and ∆ˆz pairings and pi-
junctions for the ∆ˆy pairing. (b) Schematic of the loop device
of magnetoresistance experiment. Φ is the applied magnetic
flux.
In Fig. 6(a-c) and taking the Fermi velocity mismatch
r = 2, we plot Ic as a function of the incident angle θn
and Z for λ = 1, λ = 5 and λ = 0.2 respectively. In
Fig. 6(a-b), Ic in the low-angle incident channel is al-
ways larger than that in the high-angle incident channel.
In Fig. 6(c) with λ = 0.2, as the gap ∆k is larger in
high incident angle, the high-angle incident channel has
larger critical current. These are consistent with our an-
alytical results according to Eq. (16). Thus for λ ≥ 1,
the net Josephson current, integrated over the incident
angle Itot =
∫
Idθn is always dominated by the CPRs
of low-angle incident channels which give the Josephson
pi-junction (Fig. 6(d-e)). On the contrary, for λ  1,
the net current is dominated by the CPRs of high-angle
incident channels which give the Josephson 0-junction
(Fig. 6(f)). We can get similar results for r = 1 and
r < 1 which are shown in Appendix C. Therefore, we
conclude that the imperfect factors such as the Fermi ve-
locity mismatch and interface barrier make CRP more
inclined to be pi-junction.
IV. JOSEPHSON pi-JUNCTION IN MxBI2SE3
Now, let us apply our analysis on the
MxBi2Se3/NM/MxBi2Se3 junction. Considering
the transport in the x-y plane with the normal of the
TABLE II. The phenomenon of CPRs for three odd parity
gap functions in various types of JJs. The normal region of
Ux(y)-shaped junction contacts the same side of the super-
conductors and the normal direction of both NM/SC inter-
faces is along x(y) direction(Fig. 7). The normal region of
conventional junction, in turn, contacts to opposite side of
superconductors(Fig. 8).
gap
type Ux-shaped Uy-shaped Conventional
x y x/y
∆z(λ = 1) pi-junction pi-junction 0-junction
∆x(λ > 1) pi-junction 0-junction 0-junction
∆y(λ < 1) 0-junction pi-junction 0-junction
8interface along the x direction, the gap functions ∆ˆz, ∆ˆx
and ∆ˆy correspond to λ = 1, λ > 1 and λ < 1 so as to
give the CPR of Josephson pi-, pi- and 0-junction, respec-
tively. According to the experimental parameters46, λ is
much larger than 1 for ∆ˆx, ensuring a stable pi-junction
due to the larger transition angle. Similarly, for the
normal direction of the interface along y direction, the
CPRs of junction with gap function ∆ˆz and ∆ˆy should
provide stable pi-junction, and ∆ˆx provides 0-junction.
To further verify our results, we perform the numer-
ical calculation using a three-dimensional tight-binding
model based on Eq. 4 and plot the Josephson current
versus the phase difference φ in Fig. 7. We found that
for ∆ˆx and ∆ˆz pairings, the CPR indicates the Joseph-
son pi-junction, while it gives the Josephson 0-junction
for ∆ˆy, pairings. Thus the numerical results are a perfect
match for our analysis. For the junction along the y di-
rection, the results are the same as long as we exchange x
and y index in the gap functions. Meanwhile, in the con-
ventional Josephson junction geometry with the normal
lead contacting to the opposite direction of the supercon-
ductors, all of the gap functions give the 0-junction (see
Appendix B for the details), which is consistent with our
analysis in section III A. In Table. II, We summarized the
CPR for the three gap functions, which shows the differ-
ent CPRs for the U-shaped junctions with various gap
functions. Accordingly, we conclude that the U-shaped
CTSC/NM/CTSC junction can be utilized to detect the
spin-triplet gap functions while it may fail in the conven-
tional junction geometry.
V. EXPERIMENTAL REALIZATION AND
DISCUSSION
It is well known that when a superconducting loop
contains odd number of Josephson pi-junction, it will
create spontaneously a half-quantum magnetic flux
(HQF)7,11,72. The HQF could be directly observation
observed directly by a magnetoresistance oscillation mea-
surement based on the Little-Parks effect. The Little-
Parks effect demonstrated the oscillations of the super-
conducting transition temperature Tc, and hence the
sample resistance in the transition regime, as a function
of the applied magnetic field resulting from the corre-
sponding variation of the free energy73. The minimum
of the free energy, and the minimum of resistance, is
achieved when applied magnetic flux become (n+1/2)Φ0
for a superconducting loop contains odd number of pi-
junctions, instead of nΦ0 for conventional s-wave super-
conductors, where n is an integer number and Φ0 the
magnetic flux quantum, Φ0 = h/2e, where h is the Planck
constant and e the elemental charge74,75. Considering a
MxBi2Se3 loop as shown in green dashed rectangle in
Fig. 7(b), which has a nanometer-sized fracture and al-
ternative metal bridge attached to one side of loop, we
expect to observe the spontaneous HQF if the gap func-
tion is odd-parity. For a loop with outer dimensions of
800 nm by 800 nm and line width of 100 nm, the oscilla-
tion period of magnetic field intensity H ≈ 42 Oe. One
can fabricate a square-shaped loop device using textured
MxBi2Se3 thin films. Taking CuxBi2Se3 as an exam-
ple, it has superconducting transition temperature Tc of
3.8 K at x = 0.21 and in-plane Ginzburg-Landau coher-
ence length ξ of 14 nm76,77. Recent STM experiment48
of CuxBi2Se3 (x=0.39) have observed larger coherence
length of 30.83 nm along long axis even under H = 2000
Oe. The resistance oscillations as a function applied mag-
netic field of the four terminal device, shown in Fig. 7(b),
should be observed at temperature near Tc, using a dc
technique. The maximum of resistance at H = 42n Oe
is the key signature of the formation of Josephson pi-
junction, and thus the spin-triplet parings of CTSC.
In conclusion, we studied the Andreev reflection and
Josephson effect in the NM/CTSC hybrids. There are
two important phases in the spin-triplet Andreev re-
flection channels. The first is the so-called Andreev pi-
reflection, telling the pi-phase difference between the spin-
triplet Coopers entering and leaving CTSC. The second is
the orbital-phase, which originated from the phase differ-
ence between the spin-triplet pairing states with different
spin polarization. In the U-shaped Josephson junction
(Fig. 1(b)), the competition between these two phases
leads to the CPR of pi-junction (0-junction) in the chan-
nel with low (high) incident angle. The net CPR of the
Josephson junction, taking into account the contribution
from all channels, depends on the anisotropy of the odd-
parity gap functions. The imperfect contacts such as
the Fermi velocity mismatch and the barrier potential al-
ways make the CPR inclined to be the pi-junction which
is helpful for the experimental observation. When the
junction takes the traditional geometry structure, its nor-
mal region contacting the opposite sides of the supercon-
ductor (Fig. 1(c)), the competition of these two phases
in CPR completely disappears, which gives rise to the
Josephson 0-junction in all channels. We then conclude
that the observation of the Josephson pi-junction in the
U-shaped junction can serve as a definitive signal for the
odd-parity CTSC. At last, we provide a brief discussion
of the experimental realization.
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Appendix A: Scattering matrix at the NM/CTSC
interface
In this section, we study the reflection matrix at the
NM/CTSC interface described by the Hamiltonian in
9Eq. (8). The interface is perpendicular to x direction
and we assume that there are not scatterings take place
in y direction. Let us start by considering the case of
an incident electron, incoming from the NM towards the
interface
ΨI =
 100
0
 eikxxf(y), (A1)
where kx is the wave number of the electron in NM. As
a result,electron-like (e) and hole-like (h) quasi-particles
with opposite spins ↑ (↓) are transmitted into the super-
conductor:
ΨT = te↑e↑ψ˜e↑ + te↓e↑ψ˜e↓ + th↓e↑ψ˜h↓ + th↑e↑ψ˜h↑
ψ˜e↑ =

1
0
0
e−i(α−β)
 eik˜xxf(y),
ψ˜e↓ =

0
1
e−i(α−β)
0
 eik˜xxf(y),
ψ˜h↓ =

0
−e−i(α+β)
1
0
 e−ik˜xxf(y),
ψ˜h↑ =

−e−i(α−β)
0
0
1
 e−ik˜xxf(y) (A2)
where ψ˜ is the wave function and k˜x the wave number
of the electron-like quasiparticle in CTSC. In the limit of
∆k, E  µs, the wave number of the hole-like quasiparti-
cle is approximately −k˜x. At the same time, a fraction of
the incoming wave is reflected as an electron and a hole
with opposite spins in NM:
ΨR = re↑e↑ψe↑ + re↓e↑ψe↓ + rh↓e↑ψh↓ + rh↑e↑ψh↑
ψe↑ =
 100
0
 e−ikxxf(y), ψe↓ =
 010
0
 e−ikxxf(y),
ψh↓ =
 001
0
 eikxxf(y), ψh↑ =
 000
1
 eikxxf(y), (A3)
where ψ is the wave function in NM. In the limit of
E  µn, the wave number of the hole is approximately
−kx. From the continuity of the wave function and the
boundary condition for the derivative at the interface
ΨI(x = 0) + ΨR(x = 0) = ΨT (x = 0) (A4)
Ψ′I(x = 0−) + Ψ′R(x = 0−)−ΨT (x = 0+) = 2mV
x
y
z
 
FIG. 8. The CPRs of a conventional Josephson junction for
different pairing symmetry, ∆x, ∆y and ∆z, respectively. The
CPRs show Josephson 0-junctions for all pairings.
the coefficients re↑e↑,re↓e↑,rh↓e↑ and rh↑e↑ can be de-
termined:
re↓e↑ = rh↓e↑ = 0,
rh↑e↑ =
2r˜
(1 + r˜2 + 4Z˜2) cos(α− β) + 2ir˜ sin(α− β)) ,
re↑e↑ =
−(r˜2 + (i+ 2Z˜)2 cos(α− β))
(1 + r˜2 + 4Z˜2)) cos(α− β) + 2ir˜ sin(α− β)) .
re↓e↑ and rh↓e↑ vanish due to the spin-triplet parings
of Cooper pairs and spin-independent scatterings at in-
terface. Reasonably, in the case of an incident electron
with another piece of spin, re↑e↓ and rh↑e↓ should also
be zero. As the same, we can obtain the reflection coef-
ficients corresponding to the cases of incident holes with
opposite spins, then we have the reflection matrices at
the NM/CTSC interface in two spin pieces(±):
R+ =
( −b cos(α− β)) −2r˜
2r˜ −b∗ cos(α− β))
)
(
r˜2 + 4Z˜2 + 1
)
cos(α− β) + 2ir˜ sin(α− β)
,
R− =
( −b cos(α+ β)) −2r˜
2r˜ b∗ cos(α+ β))
)
(
r˜2 + 4Z˜2 + 1
)
cos(α+ β) + 2ir˜ sin(α+ β)
.
Appendix B: Conventional Josephson junction
configuration
In this section, we study the Andreev levels and
Josephson current in conventional Josephson junction,
whose normal region contacts on opposite sides of two
superconductors (Fig. 1). Reflection matrices at the
NM/CTSC interface(R±) were obtained in the previous
section. Similarly, using the same method, we can get
reflection matrices at the CTSC/NM interface:
R¯± =
(
b cos(α± β) 2r˜
−2r˜ b∗ cos(α± β)
)
(
r˜2 + 4Z˜2 + 1
)
cos(α± β) + 2ir˜ sin(α± β)
.(B1)
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FIG. 9. The Josephson current in the case of r = 1. (a-
c)Upper pattern: Ic as a function of θn and Z for λ=1, 5 and
0.2, respectively. Lower pattern: Ic as a function of θn ex-
tracted from upper pattern. (d-f)Itot as a function of φ for
λ=1, 5 and 0.2, respectively. Different colored curves corre-
spond to different Z, as the short lines in the top figures.
Comparing Eq. (B1) with Eq. (10), we found that the An-
dreev reflection coefficient at CTSC/NM and NM/CTSC
interfaces has a sign change which is consistent with the
odd parity gap functions but cancels the pi phase due to
the Andreev-pi reflection. Thus Andreev levels in conven-
tional CTSC/NM/CTSC junction take the forms
E
∆k
= ±
√
r˜2 + 4Z˜2 sin2 β
r˜2 + 4Z˜2
− T˜n sin2(φ
2
), (B2)
which always have energy minimum at φ = 0 so that it
is always 0-junction. For normal incidence with β = 0,
Andreev levels take the form ±
√
T˜n cos(φ/2) which is 0-
junction with 4pi periodicity. Meanwhile for the parallel
incidence with β = ±pi/2 in the case of r = 1, the An-
dreev levels are ±
√
1− T˜n sin2(φ/2) which is 0-junction
with 2pi periodicity. Thus, the orbital-phase will not in-
duce the transition from 0-junction to pi-junction. The
numerical calculations are shown in Fig. 8 are in good
agreement with our analysis.
Appendix C: Additional results of Robust pi-junction
against imperfect NM/CTSC interface
In this part, we discuss the CPRs taking account of
the effect of a finite barrier potential at both interfaces.
The results are presented in Fig. 9 for r = 1 and Fig. 10
for r = 0.5, respectively.
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FIG. 10. The Josephson current in the case of r = 0.5. (a-
c)Upper pattern: Ic as a function of θn and Z for λ=1, 5 and
0.2, respectively. Lower pattern: Ic as a function of θn ex-
tracted from upper pattern. (d-f)Itot as a function of φ for
λ=1, 5 and 0.2, respectively. Different colored curves corre-
spond to different Z, as the short lines in the top figures.
In the case of prefect Fermi velocity with r = 1,
it’s worth noting that a disappear Itot for λ = 1 when
Z = 0(Fig. 9(d)). 0-junction and pi-junction occupy equal
range of θn ∈ [0, 2pi)(Fig. 3), and have same size of criti-
cal currents, but with the opposite sign, due to isotropic
superconducting gap. As Z increase, I˜c for larger θn are
suppressed more than currents at smaller angles as shown
in Fig. 9(a)-(c), and a finite Itot corresponding to pi-
junction emerges. Obviously, as Z continues to grow, the
current disappears again. For λ > (<)1, the junction al-
ways behaves as pi(0)-junction due to the anisotropic su-
perconducting gap(Fig. 9(e)(f)). Conclusively, a suitable
interface barrier can stabilize the pi-junction for λ ≥ 1
without destroying 0-junction for λ < 1 just like the case
in the main test.
In the case of r = 0.5, Josephson currents disappear for
|θn| > pi/6, corresponding to forbidden Andreev reflec-
tions due to the mismatch of Fermi velocity(Fig. 10(a)-
(c)). Similar to the case of r = 1, at θn = 0 corre-
sponds to β = 0, Josephson junction is a pi-junction. At
θn = ±pi/6, instead of ±pi/2, corresponds to β = ±pi/2,
the junction becomes a conventional 0-junction. What’s
special is that θn corresponding to the phase transition
point β = pi/4 is equal to 0.115pi, which is greater than
half of pi/6 for λ = 1. It means Josephson pi-junction
dominates for θn ∈ [0, pi/6). Thus the CPRs for λ ≥ 1
provide the pi-junction even for Z = 0(Fig. 10(d)(e)),
and CPRs for λ < 1 still provide the 0-junction due to
a anisotropic superconducting gap with major axis along
the y direction(Fig. 10(f)). All results have a good match
with our analyses in the main text.
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Appendix D: Numerical calculations based on
tight-binding model
For the numerical calculations it is convenient to con-
sider the tight-binding model on a triangular lattice with
layered structure(Fig. 11). The tight-binding version of
the Hamiltonian we use throughout this work is given by
HTB = H0 +H∆,
H0 =
∑
i
C†i τz[(m0 + 4m2 + 2m1)σzs0 − µσ0s0]Ci
−
∑
〈i,i′〉m
C†i′τztmCi −
∑
〈i,i′〉z
C†i′τztzCi
−
∑
〈〈i,i′〉〉
C†i′τztNCi + H.C.,
H∆ = ∆0e
−iφ/2 ∑
i∈S−
C†i τxσysx(y,z)Ci
+∆0e
iφ/2
∑
i∈S+
C†i τxσysx(y,z)Ci + H.C., (D1)
where
Ci =
(
ci,1↑, ci,1↓, ci,2↑, ci,2↓, c
†
i,1↓,−c†i,1↑, c†i,2↓,−c†i,2↑
)T
with ci the annihilation operator of an electron on site
i, S± present two MxBi2Se3 region with phase difference
φ. 〈..., ...〉m with m = 1, 2, 3 and 〈〈..., ...〉〉 denotes near-
est and next nearest neighbors in x-y plane,respectively,
〈..., ...〉z denotes interlayer nearest neighbors in z direc-
tion. The hopping terms tm, tz and tN have following
forms:
t1 = −2
3
m2σzs0 + i
A
3
σxsy +
iR1
4
σxsz,
t2 = −2
3
m2σzs0 + i
A
3
σx(−1
2
sy −
√
3
2
sx) +
iR1
4
σxsz,
t3 = −2
3
m2σzs0 + i
A
3
σx(−1
2
sy +
√
3
2
sx) +
iR1
4
σxsz,
tz = −m1σzs0 − ivz
2
σys0,
tN = −i 4R2
3
√
3
σys0. (D2)
Fig. 11 illustrates the hopping terms involved tm and
tz. The warping terms R1, R2 and pairing strength ∆0 is
non-zero only for i ∈ S±. Chemical potential µ is set as
µn(µs) in NM(MxBi2Se3). The size of MxBi2Se3 in our
system is 200a×50a×5c, a and c is the in-plane and out-
of-plane lattice constant, respectively46. The parameters
used are as follows: µs = µn = 1, m0 = −0.28, m1 =
0.0085, m2 = 2.57, m0 = −0.28, R1 = 0.05, R2 = −0.005
and vz = 0.08, which are taken from four-bands model
Hamiltonian of Bi2Se3 in Ref.[46], and we set ∆0 = 0.1
in our calculation. This model has been used to calculate
the current-phase relation in Fig. 7 and Fig. 8.
FIG. 11. Schematic view of the MxBi2Se3 unit cell.
The 1D version of tight-binding Hamiltonian we use
for numerical calculations is given by
H1DTB = H1D +H1D∆,
H1D =
∑
i
C†i τz[(m0 + 2m1 + 4m2 − 2m2 cos(ky)
−2m1 cos(kz))σzs0 +A sin(ky)σxsx
+(B0 sin(kz)−R2 sin(ky))σys0 − µ]Ci
−
∑
〈i,i′〉
C†i τztCi′ + H.C.,
H1D∆ = ∆0e
−iφ/2 ∑
i∈S−
C†i τxσysx(y,z)Ci
+∆0e
iφ/2
∑
i∈S+
C†i τxσysx(y,z)Ci + H.C., (D3)
where the hopping terms t have following forms:
t = −m2σxs0 + iA
2
σzsy +
iR1
2
σzsz. (D4)
Also, the warping terms R1, R2 and pairing strength ∆0
is non-zero only for i ∈ S±, and kz = 0 due to the weak
inter-layer coupling. The length of normal region is sev-
eral lattice constant and satisfies short junction limit.
H1DTB is used to calculate the Andreev levels, CPRs and
difference of free energy in Fig. 5.
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